Superintegrable systems of 2nd order in 3 dimensions with exactly 3-parameter potentials are intriguing objects. Next to the nondegenerate 4-parameter potential systems they admit the maximum number of symmetry operators but their symmetry algebras don't close and not enough is known about their structure to give a complete classification. Some examples are known for which the 3-parameter system can be extended to a 4th order superintegrable system with a 4-parameter potential and 6 linearly independent symmetry generators. In this paper we use Bôcher contractions of the conformal Lie algebra so(5, C) to itself to generate a large family of 3-parameter systems with 4th order extensions, on a variety of manifolds, and all from Bôcher contractions of a single "generic" system on the 3-sphere. We give a contraction scheme relating these systems. The results have myriad applications for finding explicit solutions for both quantum and classical systems.
Introduction
Superintegrable quantum mechanical systems admit the maximum possible symmetry and this forces analytic and algebraic solvability. These systems appear in a wide variety of modern physical and mathematical theories, from semiconductors to supersymmetric field theories, [1, 2] . Superintegrable systems of 2nd order are of particular interest due primarily to their connection with separation of variables. The special functions of mathematical physics and their properties are closely related to their origin and use in providing explicit solutions for 2nd order superintegrable systems. The structure theory for 2D 2nd order superintegrable Helmholtz and Laplace equations has been worked out in its entirety, [3, 4, 5, 6, 7] . There is a single family of superintegrable systems with generating symmetry operators that are functionally linearly dependent; the remaining (functionally linearly independent) systems are nondegenerate (3 parameter Helmholtz potentials) and degenerate (1 parameter potentials). Every functionally linearly independent system is obtainable from the generic system on the 2-sphere through a sequence of restrictions, Bôcher contractions and Stäckel transforms. Each Laplace equation is a Stäckel equivalence class of Helmholtz systems and always contains a constant curvature space representative. The nondegenerate systems always have 3 functionally independent 2nd order generators which determine a quadratic algebra that closes at order 6.
However, the hierarchy of 3D 2nd order superintegrable Helmholtz and Laplace equations is only partially worked out. There are now multiple functionally linearly dependent systems (such as the Calogero 3-body system on the line) and we are not aware of a classification for them. All of the nondegenerate (4-parameter Helmholtz potential) systems are known, [8] . These have 5 functionally linearly independent, contained in 6 linearly independent (but functionally dependent) 2nd order generators which determine a quadratic algebra that closes at order 6. The functional dependence is described by a relation at order 8. Every Laplace equation is again a Stäckel equivalence class of Helmholtz systems and always contains a constant curvature space representative. Every nondegenerate system is obtainable from the generic system on the 3-sphere through a sequence of Bôcher contractions and Stäckel transforms.
Immediately below the 4-parameter Helmholtz systems in the 3D hierarchy are the 3-parameter systems. These admit 5 functionally linearly independent 2nd order generators. The first recognition of the special significance of 3D Helmholtz superintegrable systems that had only 3-parameter potentials was in the paper [9] by Evans. The most important early example studied was the extended Coulomb system. The Schrödinger operator in Cartesian coordinates (x, y, z) can be written as
It admits symmetries (here J 12 = x∂ y −y∂ x , J 13 = x∂ z −z∂ x , J 23 = y∂ z − z∂ y ), (3) In this case the symmetry algebra doesn't close under commutation, [10] . However, Verrier and Evans, [11] , showed that this system could be extended to a 4-parameter potential corresponding to a 4th order superintegrable system with 5 generators: four 2nd order and one 4th order. Later it was shown that this extended system admitted a second independent 4th order generator and that the 6 linearly independent symmetries determined an algebra that closed at order 10, while the functional identity relating the 6 generators was order 12, [12, 13] . The extended system and its generating symmetries are as follows:
Here, {A, B} = AB + BA, the operator symmetrizer. A basis of generators for the symmetry operators is {H, I 12 , I 13 , I 23 , J 0 , J 0 }. Another example of the extension of a 3-parameter potential 2nd order superintegrable system to a 4-parameter potential 4th order superintegrable system is the extended anisotropic oscillator, [14, 15] . Several other examples of 3-parameter 2nd order superintegrable systems have been reported and there are some structure results, [3] . In particular, every 3-parameter system is multiseparable and Stäckel equivalent to a 3-parameter constant curvature space system. A 3-parameter system can be extended to a nondegenerate 4-parameter system if and only if it admits 6 linearly independent 2nd order symmetries. The 5 generators of the symmetry algebra of a truly 3-parameter system do not determine a closed structure in the usual manner. We call such a truly 3-parameter system semidegenerate:
Definition 1 A 3D Helmholtz superintegrable system on a conformally flat space is semidegenerate provided it satisfies the following conditions [3] :
1. It is 2nd order superintegrable, i.e., it admits 5 functionally independent 2nd order symmetries.
It admits a 3-parameter potential
where the set {V (1) , V (2) , V (3) } is functionally independent.
3. It fails to be nondegenerate, i.e., it does not admit 6 functionally independent 2nd order symmetries.
There are analogous definitions for semidegenerate Laplace and classical systems. In the hierarchy of 3D Helmholtz and Laplace superintegrable systems the semidegenerate systems are just one step below the nondegenerate (4-parameter) systems. Up to now there has been no regular procedure for deriving semidegenerate systems and determining which can be extended to 4-parameter systems of 4th order. We provide a partial solution to this problem. Since our past experience is that the most 'generic' systems are those on spheres, we first find such a 4th order system on the 3-sphere and then use the tools of Bôcher contractions and Stäckel transforms to obtain other systems as limits.
The new 3-parameter system on the 3-sphere is (in Laplace equation form) H coulsphere Θ = 0 where
and 
).
The conformally Stäckel equivalent flat space system is
Here r 2 = x 2 + y 2 + z 2 . This 3-parameter system extends to the 4th order 4-parameter system H coulsphere Θ = 0 where
and ∆ S = 1≤j<k≤4 J 2 jk is the Laplace-Beltrami operator on the 3-sphere. Here , Note that for a 3 = 0, K 1 becomes a perfect square. The conformally Stäckel equivalent flat space system is
Here r 2 = x 2 + y 2 + z 2 . We will show that this system contracts to the extended Coulomb system in flat space. Though we have no proof, there is evidence that it is not a Bôcher contraction of another such system. Thus it is a natural candidate for producing a family of similar systems by Bôcher contraction from this single source. We expect that the 6 generators determine a closed algebra but we have not carried out the formidable calculations to verify this.
Our procedure will be to construct many more examples of 3-parameter 2nd order systems that extend to 4-parameter 4th order systems by applying all possible Bôcher contractions to (5) and (6) .
In §2 we review the action of the Stäckel transform on 3D Helmholtz superintegrable systems and in §3 we relate Helmholtz and Laplace superintegrable systems. In §4 we introduce Bôcher contractions of 3D Laplace systems and determine their basic properties. In §5 we review the conformally superintegrable nondegenerate Laplace systems and describe their relationship to Bôcher contractions and Stäckel transforms. The next two sections contain our basic detailed results. In §6 we list all semidegenerate conformally superintegrable Laplace systems that can be obtained via sequences of special Bôcher contractions of system (5) . In §7 we list all 4th order conformally superintegrable Laplace systems that can be obtained via sequences of special Bôcher contractions of system (6) and extend at least one semidegenerate system. We conclude with some remarks on unsolved problems.
The Stäckel transform on 3D manifolds
For a conformally flat manifold with metric ds 2 = λ(x, y, z)(dx 2 +dy 2 + dz 2 ) in Cartesian-like coordinates, a formally self-adjoint Hamiltonian operator takes the form
Here δ kj is the Kronecker delta, the measure is λ 3/2 dx dy dz and we assume all boundary terms are zero. Without loss of generality, we can assume that all even-order symmetry operators for H are formally self-adjoint and all odd order symmetries are formally skew-adjoint. We can perform a gauge transformationĤ = e R He −R such that H is more suitable for Stäckel transforms. We choose R such that the differential operator part ofĤ is formally self-adjoint with respect to the measure λ dx dy dz. It is straightforward to show that if we set R = 1 4 ln λ, we havê
Here V = − R 8 +V where R is the scalar curvature. Thus the modified potential merely changes by an additive constant for a constant curvature space but is nontrivial for other spaces.
The 3D quantum Stäckel transform of a superintegrable conformally flat system H = ∆ 3 + V was defined in [4] . We merely note here the simplification achieved by using the formĤ. Suppose V = V 0 (x, y, z) + αU (x, y, z) where U = 0 and α is a parameter. Then U determines a Stäckel transform of H to systemH defined byĤ = 1 UĤ , i.e., multiplication on the left by the function 1/U . To obtainH explicitly we perform an inverse gauge transformation. Modulo a transposition of symmetry operators, the transform preserves the quadratic algebra structure equations, [7] .
Laplace equations
Given the eigenvalue equation HΘ = EΘ where H is a 2nd order superintegrable system (7) we can associate it with a unique Laplace equation as follows: The eigenvalue equation is equivalent tô
which in turn is equivalent to the Laplace equation
where∆ is the flat space Laplacian andṼ = λV − Eλ. Now we are considering E as a parameter in the potentialṼ .
We give a more general definition of Laplace systems.
Definition 2 Systems of Laplace type are of the form
Here ∆ n is the Laplace-Beltrami operator on a real or complex conformally flat n-dimensional Riemannian or pseudo Riemannian manifold. A conformal symmetry of this equation is a partial differential operator S in the variables
A conformal symmetry maps any solution Ψ of (11) to another solution. Two conformal symmetries S, S are identified if S = S + RH for some differential operator R, since they agree on the solution space of (11). The system is conformally superintegrable if there are 2n − 1 functionally independent conformal symmetries, S 1 , · · · , S 2n−1 with S 1 = H. It is second order conformally superintegrable if each symmetry S i can be chosen to be a differential operator of at most second order.
Facts, [7]:
• If S is a ordinary symmetry of Hamiltonian H = • If S is a conformal symmetry of Hamiltonian H = 1 λ H where λ is a function, then S is a conformal symmetry of the Laplace equation H Θ = 0.
• If S is an ordinary symmetry of the Hamiltonian H, R(x, y, z) is a function, andĤ = e −R He R is a gauge transformed Hamiltonian, thenL = e −R Le R is an ordinary symmetry ofĤ.
Definition 3 Let n = 3. We say that conformally superintegrable system (11) is nondegenerate if the potential V is 5-parameter, i,e,
where the a j are arbitrary parameters and the set {V (1) , · · · , V (5) } is linearly independent over the manifold.
In analogy with Stäckel transforms of Helmholtz systems we can define conformal Stäckel transforms of Laplace systems. Basic facts, [16] :
• Transformation to self-adjoint form (SA): Set Ψ = SΦ,Ĥ = S −1H S, where S = U 1/4 . Then the SA form isĤΨ = 0 wherê
and R is the Riemann scalar curvature.
Bôcher contractions
For constant curvature Helmholtz systems the underlying manifold admits the symmetry algebra e(2, C) (flat space), or so(3, C) (the 2-sphere). Limits of these superintegrable systems to other superintegrable systems are induced by generalized Inönü-Wigner contractions of these Lie algebras, [17, 18] . For Helmholtz systems on manifolds with lower or no nontrivial symmetry algebra at all it is not clear how to classify such limits. However all these systems are equivalent to conformally superintegrable Laplace systems on flat space, which has conformal symmetry algebra so(5, C), the Lie algebra of the conformal group, [19] . In his 1894 thesis Bôcher developed a geometrical method for finding and classifying the R-separable orthogonal coordinate systems for the flat space Laplace equation ∆ n Ψ = 0 in n dimensions (no potential). He took advantage of the conformal symmetry of these equations. The conformal symmetry algebra in the complex case is so(n + 2, C). We will use his ideas for n = 3 , but applied to the Laplace equations with potential. The conformal symmetry algebra of the flat space Laplacian ∂ 2 x + ∂ 2 y + ∂ 2 z has 10 generators:
nonlinear in the K-operators. Bôcher linearizes this action through the introduction of pentaspherical coordinates on flat space. These are projective coordinates (x 1 , · · · , x 5 ) that satisfy
They are related to Cartesian coordinates (x, y, z) and to coordinates on the 3-sphere (s 1 , s 2 , s 3 , s 4 ),
Here 4 j=1 ∂ 2 s j is the Laplace-Beltrami operator on the 3-sphere. Thus
Relation to flat space and 3-sphere 1st order conformal constants of the motion We define
where L jk = −L kj . Note that this is a basis for so(5, C). The generators for flat space conformal symmetries are related to these via
The generators for 3-sphere conformal constants of the motion are related to the L jk via
Bôcher introduced a prescription for taking limits of quadratic forms on the null cone which lead to the construction of all orthogonal separable coordinates for the flat space free Laplace, wave and Helmholtz equations. We now recognize that these limits are generalized Inönü-Wigner contractions of the conformal Lie algebra to itself. We call them Bôcher contractions. A formal treatment was given in [20] , with an emphasis on dimension n = 2. Only minor modifications are needed for dimension 3 and higher:
are column vectors, and A = (A jk ( )), is an (n + 2) × (n + 2) matrix with matrix elements A kj ( ) = N =−N a kj . Here N is a nonnegative integer and the a kj are complex constants. The matrix A defines a Bôcher contraction of the conformal algebra so(n + 2, C) to itself provided
2) :
If, in addition, A ∈ O(n + 2, C) for all = 0 the matrix A defines a special Bôcher contraction.
For a special Bôcher contraction x · x = y · y, with no error term.
This is a contraction in the generalized Inönü-Wigner sense. Indeed, let L ts = x t ∂ xs − x s ∂ xt , s = t be a generator of so(n + 2, C) and A( ) = A −1 be the matrix inverse. We have the expansion
where F is a constant nonzero matrix. Here the integer α ts is the smallest power of occurring in the expansion of L ts . Now consider the product L ts (x · x). On one hand it is obvious that L ts (x · x) ≡ 0, but on the other hand the expansions (13), (14) yield
Thus, ( k F k y k ∂ y ) ( j y 2 j ) ≡ 0 for F a constant nonzero matrix. However, the only differential operators of the form k F k y k ∂ y that map y · y to zero are elements of so(n + 2, C):
and this determines the contraction of L ts to L . Similarly, if we apply this same procedure to the operator L = t>s c( ) ts L ts for any rational polynomials c ts ( ) we will obtain an operator L = j>k b jk L jk in the limit. Further, due to condition (12) , by choosing the b ts appropriately we can obtain any L ∈ so(4, C) in the limit. In this sense the mapping L → L is onto. Note that if A doesn't depend on then the contraction will be the identity mapping. Our interest is in the cases where A has nontrivial dependence on .
Theorem 1 Suppose the matrix A( ) defines a Bôcher contraction of so(n + 2, C). Let {L t i s i , i = 1, · · · , 6} be an ordered basis for so(n + 2, C) such that α t 1 s 1 ≤ α t 2 s 2 ≤ · · · ≤ α t 6 s 6 . Then there is an ordered basis {L j , j = 1, · · · , n + 2} such that
and {L j , j = 1, · · · , n + 2} forms a basis for so(n + 2, C) in the y k variables.
Proof: Induction on j. For j = 1 the result follows from (15) . Assume the assertion is true for j ≤ j 0 < n + 2. Then, due to the nonsingularity condition (12), we can always find polynomials in ,
where
Note that the proof applies to quadratic forms in general. For the definition and proof, the null cone condition x·x = 0 is never imposed.
Just as in [20] , we can compose two Bôcher contractions A( 1 ) and B( 2 ) and obtain another Bôcher contraction, though in general not uniquely. However, if A, B are special Bôcher contractions then composition is just matrix multiplication within the group O(n+2, C), uniquely defined: we can let 1 and 2 go to zero independently and obtain the same contraction limit.
Special Bôcher contractions
Special Bôcher contractions are much easier to understand and manipulate than general Bôcher contractions: composition is merely matrix multiplication. The contractions that arise from the Bôcher recipe are not "special". However, just as in [20] for n = 2, in the case n = 3 we can associate a special Bôcher contraction with each contraction obtained from Bôcher's recipe, such that the special contraction contains the same basic geometrical information.
Extending constructions due to Jacobi and Liouville for obtaining orthogonal separable coordinates for the free Helmholtz equations in Euclidean n-space and the n-sphere, Bôcher showed that (choosing n = 3 for the purposes of this paper) that for given x, y, z the pair of quadratic forms
where Ω = 0 is the null cone, determines 5 solutions λ = y 1 , · · · , y 5 and the y j are orthogonal cyclidic R-separable coordinates for the free Laplace equation (∂ 2 x + ∂ 2 y + ∂ 2 z )Θ = 0. Here, the e i are pairwise distinct constants. Bôcher observed that the two quadratic forms Ω and Φ are such that Φ has elementary divisors [1 · · · 1] relative to the form Ω. (In other words, we can consider the quadratic forms as 5 × 5 symmetric matrices, diagonal in this case. Here Ω corresponds to the identity matrix. The [1, · · · , 1] notation refers to the fact that the 5 eigenvalues 1/(λ − e i ) of the Φ matrix with respect to Ω are pairwise distinct.) In fact if we have two quadratic forms related in this way they could be written more generally as and [5] , where [5] corresponds to λ 1 = λ 2 = · · · = λ 5 . Bôcher showed that a family of orthogonal R-separable coordinates for the Laplace equation could be associated to each of these 6 elementary divisors. Moreover, Bôcher provided a recipe x i ( ), λ i ( ), such that the coordinates and the defining quadratic forms for each of the elementary divisors [n 1 n 2 n 3 ] could be obtained in the limit as → 0. In [20] it was observed that each of Bôcher's recipes x i ( ) defined a Bôcher contraction and by specializing their adjustable parameters we could obtain the "special" Bôcher contractions. An important advance in recognizing Bôcher's recipes as contractions is that they are applicable to any superintegrable system, not just to [11111] .
A more general way to construct special Bôcher contractions is to make use of the normal forms for conjugacy classes of so(5, C) under the adjoint action of SO(5, C), as derived in [21] . This was discussed in [20] for the case n = 2 and the extension to n = 3 is straightforward. Except for the contraction [11111] ↓ [5] the new contractions follow easily from the n = 2 results. For the remaining contraction, the result is a special case of Bôcher's prescription. The results are as follows:
Contraction [11111] ↓ [221],
x 1 = 1 + 2 y 1 2 − i −1 + 2 y 2 2 , x 2 = i −1 + 2 y 1 2 + 1 + 2 y 2 2 x 3 = 1 + 2 y 3 2 − i −1 + 2 y 4 2 , x 4 = i −1 + 2 y 3 2 + 1 + 2 y 4 2 x 5 = y 5 .
Contraction [11111] ↓ [311],
x 1 = 1 − 1 2 2 y 1 + y 2 + iy 3 2 2 , x 2 = − y 1 + y 2 + iy 3 , x 3 = iy 1 2 2 − iy 2 + 1 + 1 2 2 y 3 , x 4 = y 4 , x 5 = y 5 .
Contraction [11111] ↓ [32]
,
Contraction [11111] ↓ [41]
, 
where Z is a primitive fifth root of unity: 1+Z+Z 2 +Z 3 +Z 4 = 0.
Application of the Bôcher contraction
Suppose we have a conformal superintegrable system of some order
where the a j are the independent parameters in the potential and the set {V (1) , · · · , V (k) } is functionally independent and parameter free. Let a = (a 1 , · · · , a k ) and let x = A( )y be a special Bôcher contraction of so(n + 2, C). We will show that the application of this contraction to the Laplace equation (17) yields a unique finite limit once we determine rational functions a k ( ) appropriately. Since A( )y ∈ O(n + 2) for all = 0 it is clear that
∂ 2 y i as → 0, so we only need to show that V B (x( )) →V B (y) as → 0 for appropriate a j ( ). We can expand the potential as a Laurent series in :
Here, α 1 < α 2 < α 3 · · · , the parametersã
s are linear combinations of the parameters a 1 , · · · , a k , for each fixed j the set {f 
γm } is linearly independent for m = 1, · · · , d. To obtain a finite limit, we require a · c
, where the b are -independent parameters. It follows that
Now we examine the behavior of the symmetry operators under special Bôcher contraction. The analysis is very similar to that used to prove Theorem 1. Let {S 1 , S 2 , · · · S h } be an ordered basis for the symmetries of system (17) . Then there is an ordered basis of symmetries {S 1 ( ), S 2 ( ), · · · S h ( )} of (17) for each = 0 such that
where {Ŝ 1 , · · · ,Ŝ h } is a linearly independent set of operators for the contracted system n+2 i=1 ∂ 2 y i +V B (y, b) Θ = 0 Indeed applying a Bôcher contraction x = A( )y to a nonzero symmetry S of (17) we have
where β is the smallest power of occurring in the expansion of S. Thus −β S →Ŝ = 0 as → 0. The rest is by induction on j. For j = 1 the result follows. Assume the assertion is true for j ≤ j 0 < h. Then there are polynomials in , {a 1 ( ), a 2 ( ), · · · , a j 0 ( )} such that
It remains to show that the {Ŝ j } are symmetries of system (
The quantity on the left is 0 for all = 0, so the quantity on the right must vanish in the limit as → 0.
3D Nondegenerate Laplace equations
There are 10 equivalence classes [5] :
It is an easy extension of 2D theory, [18, 7] , to show that each Bôcher contraction can be applied to any of these 3D nondegenerate Laplace systems and a superintegrable system results. (However, a functionally linearly independent system may contract to a functionally linearly dependent system.) It has been shown that each Laplace equation can be obtained as a Bôcher contraction of system V [11111], [5] , but the full contraction scheme has not yet been worked out.
Semidegenerate Laplace systems
Here, we designate the Laplace systems in Bôcher and flat space Cartesian coordinates by
We start with the "generic" semidegenerate system (5) and apply each Bôcher contraction to this system as described in subsection 4.2. In this case we have n = 3, h = 5, k = 4. There are 5 basic Bôcher contractions, but each contraction is not symmetric in the coordinates x i so there are potentially 5! × 5 = 120 limits to take, though in practice this can be reduced substantially. Each contraction yields a superintegrable system, but it need not be semidegenerate. The contracted system will have 5 independent symmetries and d-parameter potential. If d < 4 then the contraction cannot cover a full semidegenerate system so we do not count it. If d = k = 4 but the contracted potential is functionally dependent, again the contraction cannot be semidegenerate. If d = 4 and the contracted potential is functionally independent and the contracted system admits 6 linearly independent symmetries, then it can be extended to a 2nd order system with nondegenerate 4-parameter potential and is not semidegenerate. The remaining cases are semidegenerate. However we ignore 'identity" contractions of (5) to itself. Once we have determined all new semidegenerate systems resulting from Bôcher contractions of (5) we repeat the procedure for each of these new systems. We continue this process on the results until no new semidegenerate systems appear. The process is relatively straightforward but lengthy. Here and for the 4th order extensions we write the parameters in order, i.e., V F = j a j V (j) , where V F is the potential in flat space and Cartesian coordinates. We list the results:
1. System I:
There are 2 constant curvature Helmholtz systems in this Stäckel equivalence class:
System II:
contraction of System I. There are 2 constant curvature Helmholtz systems in this Stäckel equivalence class. One is ∆ F + V F , listed above, and the other is 
This is a ↓ [2111] contraction of System III and IV, and a ↓ [311] contraction of Systems III and IV.
9. System IX:
This is a ↓ [221] contraction of System I and a ↓ [2111] contraction of Systems II and III. It is Stäckel equivalent to
10. System X:
. This is a ↓ [2111] contraction of System V.
11. System XI: V F = a 1 + a 2 (x + iy) + 13. System XIII:
This is a ↓ [2111] contraction of Systems III and VI, and a ↓ [311] contraction of Systems VI and IX.
14. System XIV: 
16. System XVI: 
Note that the potential doesn't depend on y, so the system cannot be semidegenerate.
Extensions of semi-degenerate Laplace systems to 4th order superintegrable systems
To compile this list we start with the "generic" 4th order system (6) and apply each Bôcher contraction to this system as described in subsection 4.2. In this case we have n = 3, h = 6, k = 5. Since each of the 5 basic Bôcher contractions is not completely symmetric in the coordinates x i there are potentially 5! × 5 = 120 limits to take, though again this can be reduced substantially. Each contraction yields a superintegrable system but it need not be 4th order or an extension of a semidegenerate system. The contracted system will have 6 independent symmetries and d-parameter potential. If d < 5 then the contraction cannot cover a full 4th order system so we do not count it. If d = k = 5 but the contracted potential is functionally dependent, again the contraction cannot counted. If d = 5 and the contracted potential is functionally independent but there are 5 linearly independent 2nd order symmetries the contracted system is 2nd order nondegenerate and cannot be counted. The remaining cases are 4th order systems with 4 2nd order symmetries. For each of these cases we must check if the system can be restricted to a 3-parameter system with 5 linearly independent symmetries. If so, we count it as an extension, though we ignore "identity" contractions of (6) to itself. Once we have determined all new 4th order extensions resulting from Bôcher contractions of (6) we repeat the procedure for each of these new systems. We continue this process on the results until no new extension systems appear. We list the results:
1. System i: This is the extension (6) of semi-degenerate system I.
2. System ii: This is an extension of semi-degenerate system II.
It is a ↓ [2111] contraction of System i.
3. System iii: This is an extension of Systems IV and III. It is a ↓ [2111] contraction of System i.
4. System iv: This is an extension of System V, and a ↓ [221] contraction of System i.
5. System v: This is an extension of System VI, a ↓ [2111] contraction of Systems i and ii, and a ↓ [311] contraction of System i.
6. System vi: This is an extension of System VII, and a ↓ [221] contraction of Systems iii and iv.
7. System vii: This is an extension of System VIII, a ↓ [211] contraction of System iii, a ↓ [221] contraction of System iii, and a ↓ [311] contraction of System i.
8. System viii: This is an extension of System IX, a ↓ [2111] contraction of Systems ii, iii and xvi, and a ↓ [221] contraction of Systems i and iii.
It is Stäckel equivalent to system
9. System ix: This is a ↓ [2111] contraction of System iv. It is an extension of System X. 
It is Stäckel equivalent to system V F = a 1 + a 2 x + a 3 y + a 4 z + a 5 (x + iz) 2 .
System xi
V F = a 4 (iy + z) 3 + a 3 x 2 + a 5 (y + iz) (y − iz) 3 + a 2 (iy + z) 2 + a 1 .
Stäckel equivalent to
Figures 2 and 3 depict the Bôcher contraction scheme for 4th order extensions of semidegenerate systems. 
Conclusions and outlook
Using the powerful tool of Bôcher contractions we have found a family of 20 semidegenerate 2nd order 3D conformally superintegrable Laplace systems and 17 4th order conformally superintegrable Laplace systems that are extensions of these and have related them via Bôcher contractions. These correspond to about 100 Helmholtz systems on a variety of manifolds. These results apply to classical systems with only a few obvious adjustments. Every semidegenerate system extends to a 4th order system. Only the Bôcher contraction [11111] ↓ [5] fails to produce any new semidegenerate system. This work partially fills a gap in the classification of 3D 2nd order superintegrable systems.
The difficulty here is that, as yet, there is no detailed structure and classification theory for semidegenerate systems or for 4th order superintegrable systems. For nondegenerate 3D systems there is a complete theory with a guarantee that any Bôcher contraction of a nondegenerate system yields a nondegenerate system, unless the contracted potential is functionally dependent. Here we can use Bôcher contractions as a valuable calculational tool but with no guarantee of completeness. Is every semidegenerate system obtainable from (5) by a sequence of Bôcher contractions and Stäckel transforms? We suspect so but have no proof. Does every semidegenerate system extend to a 4th order superintegrable system? Again, we suspect so but have no proof. System ii and all systems obtained from it by contraction have a closed symmetry algebra. Is the symmetry algebra of i closed? We expect so but have not carried out the difficult calculation to verify this.
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